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Abstract. We obtain a representation formula for the derivative of the spectral shift function 
5(A;B,e) related to the operators Ho{B,e) = {D^ - ByY + Dl + ex and H{B,e) = Ho{B,e) + 
V{x, y), B > 0, t > 0. We prove that the operator H{B, e) has at most a finite number of embedded 
eigenvalues on R which is a step to the proof of the conjecture of absence of embedded eigenvalues 
of H in R. Applying the formula for ^'(A, B, e), we obtain a semiclassical asymptotics of the spectral 
shift function related to the operators //o(/i) — {hDx — By)^+h^Dy + ex a,nd H{h) — Ho{h) + V{x,y). 

1. Introduction 

Consider the two-dimensional Schrodinger operator with homogeneous magnetic and electric 
fields 

H = H{B, e) = Ho{B, e) + V{x, y), = -id,, Dy = -idy, 

where 

= Ho{B, e) = {D, - Byf + + ex. 

Here B > and e > are proportional to the strength of the homogeneous magnetic and electric 
fields and V{x,y) is a L°°(R^) real valued function satisfying the estimates 

\Vix,y)\ < Cil + + \y\)-'-',6> 0. (1.1) 

For e / we have acss{Ho{B , e)) = Cess(-f^(-B, e)) = M. On the other hand, for decreasing potentials 
V it is possible to have embedded eigenvalues A € M and this situation is quite different from that 
with e = when the spectrum of H{B,0) is formed by eigenvalues with finite multiplicities which 
may accumulate only to Landau levels A„ = (2n + 1)B, n € N (see [7|, [11], [13] and the references 
cited there). The analysis of the spectral properties of H and the existence of resonances have been 
studied in [5], [6], [3] under the assumption that V{x,y) admits a holomorphic extension in the x- 
variable into a domain 

rso = {z £C: < |Imz| < Sq}. 

On the other hand, without any assumption on the analyticity of V{x,y), it was proved in |3j that 
the operator {H — z)~^ — {Hq — z)~^ for z € C, Imz ^ 0, is trace class. Thus, following the general 
setup [9], [H], we may define the spectral shift function ^(A) = ^{X;B,e) related to HQ{B,e) and 
H{B,e) by 

(e', /) = tr(f{H) - f{Ho)), f G Co^(M). 
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By this formula ^(A) is defined modufo a constant but for the analysis of the derivative ■^'(A) this is 
not important. For the analysis of the behavior of ^(A; B, e) it is important to have a representation 
of the derivative ^'(A; B, e). Such representation has been obtained in [3J for strong magnetic fields 
B — >■ +00 under the assumption that V{x,y) admits an analytic continuation in x-direction. 

In this paper we consider the operator H without any assumption on the analytic continuation 
of V{x,y) and without the restriction B +00. For such potentials we cannot use the techniques 
in [5], [6] and [3] related to the resonances of the perturbed problem. Our purpose is to study 
^'(A;i?,e) and the existence of embedded eigenvalues of H. The key point in this direction is the 
following 

Theorem 1. Let V,dxV € L°°(M2;M) and assume that (1.1) holds for V and dxV . Then for every 
f E C^(M) ande^O we have 

tr - /(i^o)) = -^tr . (1.2) 

Notice that in (jl.2p by dxV we mean the operator of multiplication by dxV. The formula ()1.2p 
has been proved by D. Robert and X. P. Wang p!7] for Stark Hamiltonians in absence of magnetic 
field (-6 = 0). In fact, the result in [l7j says that 

If de 

^'(A; 0, e) = — / dxV{x, y)^ix, y, x, y; A, 0, e)dxdy, (1.3) 

where e(., .; A, 0, e) is the spectral function of H[{), e). On the other hand, the spectral shift function 
in [T7] is related to the trace of the time delay operator r(A) defined via the corresponding scattering 
matrix ^(A) (see [16]). The presence of magnetic filed B ^ Q and Stark potential lead to some 
serious difficulties to follow this way. Recently, Theorem 1 has been established by the authors in 
[1] but the proof in [3j is technical, long and based on the trace class properties of the operators 

i^{H ± i)-^, dx o i>{H ± i)-^, {H ± i)dx o ^{H ± i)-^-2 

with tp G C^(M) and N > 2. The idea is to use the commutators with the operators XR^x, where 

XR{x,y) = X^^) ^ and X ^ Cg°(M^) is a cut-off such that x = 1 for |(a;,y)| < 1. One shows that 

tr {[xRdx, H]f{H) - [xRdx, Ho]f{Ho)) = (1.5) 

and next we are going to examine the limit R 00 the trace of the operators in (jl.Sp . The 
commutators with dx and the presence of magnetic field lead to operators involving Dx — By and 
this is one of the main difference with the case i? = 0. To overcome this difficulty we used in [1] 
the trace class operators (|1.4p which led to technical problems. On the other hand, the operator 
dx is often used for operators with Stark potential ex and this influenced our approach in [4j. One 
of the goal of this work is to present a new shorter and elegant proof of Theorem 1 . The new idea 
is to apply the shift operator Ur ■ f{x,y) — > f{x + r, y) instead of dx- In Proposition 1 we show 
that 

tr ([Ur,H]f{H) - [Ur,H]f{Ho)') = 0. 

The proof of the later equality is much easier than that of (jl.5p and we don't need the trace class 
properties of the operators (jl.4p . Moreover, applying the operator Ur, we may generalize the result 
of Theorem 1 for Schrodinger operators {Dx — C{y))'^ + + ex + V{x,y) with variable magnetic 
flled as well as for operators with magnetic potentials in ]R",n > 3. 
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The second question examined in this work is the existence of embedded real eigenvalues of 
H. In the physical literature one conjectures that for e 7^ there are no embedded eigenvalues. 
We established in [3] a weaker result saying that in every interval [a, b] we may have at most a 
finite number of embedded eigenvalues with finite multiplicities. Under the assumption for analytic 
continuation of V it was proved in [5] that in some finite interval e), /3(-B, e)] there are no 

resonances z of H{B,€) with Rez ^ [a{B,e), f3{B,€)]. Since the real resonances z coincide with 
the eigenvalues of H{B,e), we obtain some information for the embedded eigenvalues. We prove 
in Section 3 without the condition of analytic continuation of V{x, y) that H has no embedded 
eigenvalues outside an interval [a{B^ e), /3{B, e)]. Combining this with the result in [Ij, we conclude 
that H has at most a finite number of embedded eigenvalues. Finally, applying the representation 
formula for the derivative of the spectral shift function S,hW = Chi^, B, e) related to the operators 
Ho{h) = {hDx—ByY+h?Dy+ex and H{h) = HQ{h)+V{x, y), we obtain a semiclassical asymptotics 
of ^/i(A) as /i \ uniformly with respect to A € [Eq,Ei] under some assumptions on the critical 
values of the symbol of H{h). 

2. Representation of the spectral shift function 

We suppose without loss of generality that B = e = 1. Set {z) = (1 + For reader 

convenience we recall the following lemma proved in [4J 

Lemma 1. Let 6 > and let kj{x,y) = {x)'^^^+^^y)~^'^^^^\ j = 1,2. The operators G2 := 
k2{Ho + i)^^, G2, {resp. Gi := ki(HQ + i)^^ , G*), '^"e trace class {resp. Hilbert- Schmidt). 

As an application of Lemma 1 recall that Proposition 1 in [1] says that for g S Cg°(M) the 
operators Vg{H) and Vg{HQ) are trace class. Obviously, the same is true for V{x + r, y)g{H) and 
we will use this fact below. Consider the shift operator 

Ur ■ f{x,y) — > f{x + T,y). 

Let Hq = {Dx — y)'^ + Dy + X, H = Hq + V{x, y). It is clear that 

[Ur,Ho]u = UtHqU — HqUtU = Ur{xu) — xUrU = tUtU, 

hence [Ur,Ho] = rUr- Next 

[Ur, V] = Ur{Vu) - VUrU = V {x + T)UrU - VUrU = (v {x + T,y) - V {x , y)) UrU. 

Thus given a function / G Co°(M), we get 

[Ur,H]f{H) - [Ur, Ho]f{Ho) =\t+ {V{x + T,y)- V{x, y))] Urf{H) - rUrfiHo) 



= TUr[f{H) - f{Ho)j + (V{x + T,y) - V{x,y))Urf{H). 
Proposition 1. We have the equality 

iv{[Ur,H]f{H) - [Ur,HQ]f{Ho)) = 0. (2.1) 

Proof. We write 



tr 



UrHfiH) - UrHofiHo) + HoUrfiHo) - HUrfiH) 



trUr(Hf{H) - Hof{Ho)) +tr(HoUrf{Ho) - HUrfiH)) = (/) + (//) 
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For the term (/), by using the cyclicity of the trace, we have 

(I) = tr {{HfiH) - Hof{Ho))Ur) = tr [fiH)H - f{Ho)Ho) (2.2) 
On the other hand, 

(//) = tr ({Ho - H)Urf{Ho)) + tr [HUr[f{Ho) - f{H))'\ = (Ih) + (Ih). 

and we justify below the trace class properties of the operators (Hi) and {Ih)- For {IIi) we write 

-{Ih) = VUrf{Ho) = Ur[U-WUr]f{Ho) = UrV{x - T,y)f{Ho) 

and the operator on the right hand side is trace class. 

It is easy to see that the operator (f{Ho) — /(i?)^ {H + i) is trace class since 

V(i^o) - f{H)) {H + i)= \f{Ho){Ho + i) - f{H){H + 1)1 + f{Ho)V, 



where on the right hand side wc have a sum of two trace class operators. The same argument shows 
that the operator H{f{Ho) — f{H)) is trace class. Next we show that the operator H{f{Ho) — 
f{H)){H + i) is trace class. To do this, we write 

H{f{Ho) - f{H)){H + i) = (Hof{Ho){Ho + i) - Hf{H){H + i)) + Vf{Ho){Ho + i) 

+Vf{Ho)V + Hof{Ho)V 

and the four operators on the right hand side are trace class. This implies that HUr{f{Ho) — 
f{H)){H + i) is trace class since the commutator [H,Ur] is a bounded operator. After these 
preparations we write 

{Ih) = HUr{f{Ho) - f{H)) = UrH{f{Ho) - f{H)) + [H, Ur]{f{Ho) - f{H)) 

which obviously is trace class. Exploiting the trace class properties, we can write 

(7/2) = tr [HUr{f{Ho) - f{H){H + \){H + 
= tr [{H + i)-^HUr{f{Ho) - f{H)){H + i) 

= tr ((/(i/o) - f{H)){H + i){H + i)-'HUr) = tr ((/(iJo) - f{H))HUr) . 
Combining the above expressions, we get 

(/) + {Ih) + {Ih) = tr {{Ho - H)Urf{Ho)) + tr [f{Ho){H - Ho)Ur) 

= tr (-VUrf{Ho)) +tr {Urf{Ho)v). 

It remains to show that tr {vUrf{HQ)^ = tr ^C/^/(i7o)^) • To do this, choose a function x G 
such that X = 1 for |(a;,j/)| < 1. For i? > set 

x«(x,y) = x(|,|) 



oo/'^^)2^ 



and consider 



tr {yUrf{Ho)xR) =tr (Urf{Ho)Vxi^ ■ 
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The operator xr converges strongly to identity as i? — t- oo and applying the well known property 
of trace class operators (see for instance, Proposition 1 in j4j), we conclude that 

tr {vUrf{H^)) = tr (UrfiH^W) 

and the proof is complete. □ 

Proof of Theorem 1. According to Proposition 1, we have 

tr (uAf{H) - fm) = -tr (^^^i±l2yl^^^U.fiH)] . (2.3) 



We take the limit r — )• and observe that 

Ur > J, Ur > OxV 

T 

strongly. Since {f{H) — /{Hq)) is a trace class operator, applying once more the property of trace 
class operators, we get 

hm tr (UrifiH) - f{Ho)) = tr {f{H) - f{Ho)). 



To treat the limit r — > in the right hand term of (j2.3p . consider the function, 

gs{x,y) = {x)-^-'{y)-'-' 

5 > being the constant of (1.1). Following Lemma 1, the operator gs{Ho + i)^^ is trace class. 
Hence 

gsf{H) = gs{f{H) - f{Ho)) + gs{Ho + i)-\Ho + iff (Ho) 

is also a trace class operator. 

To treat the limit r — )• 0, we use the representation 



V{x + T,y) - V {x,y) _i 
95 



gsUrgf]gsf{H). 



T 

The operators in the brackets ^...^ , [...] converge strongly as r — )• to {dxV)gJ^ and /, respectively. 
Letting r — >■ 0, we obtain 

Hm tr ( ^^"+^'^^-^^"'^> ./(g) = tr {{dxV)nH)) 
and the proof is complete. 

Remark 1. The proof of Theorem 1 works for operators M = {D^ — C{y))'^ + + ex + V{x, y) 
with non-linear C{y) assuming that we have an analog of Lemma 1 for H and Hq replaced by M 
and Mo = {D^ — C{y))'^ + Dy + ex, respectively. Also we may examine the operators in having 
the form 

^x^^y] ^[Dy--x] + Di + ez + V{x,y,z) 



2V ' 2 

applying the shift operator Ur '■ f{x, y, z) — > f{x, y, z + t). Some operators with magnetic potentials 
and Stark potential in M", n > 3, can be investigated by the same approach. 
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Now consider the operators i?o(^) = {hD^ - Byf + h?D'^ + ex, H{h) = H(,{h) + V{x, y), h>0. 
Under the assumption (1.1) for V{x,y) we have the statement of Lemma 1 for Hq replaced by 
HQ{h). Moreover, the operators Vg{H{h)) and V g{HQ{h)) are trace class for every g e C^(M). 
Thus for every / G C(5"(M) the operator f{H{h)) — f{HQ{h)) is trace class and we can define the 
spectral shift function = C/i(A,-B,e) modulo constant by the formula 



{ehJ)=tr(f{Hih)-f{Ho)),feQ 



TOO 



Under the assumption of Theorem 1, we obtain repeating the proof of (1.2) the representation 

tr(f{H{h)) - f{Ho{h))) = -^tr({d^V)f{H{h))) . (2.4) 



e 

3. Embedded eigenvalues of H 
In this section we use the notation 

L = H{0) = {D^, - Byf + + ex. 
Our purpose is to prove the following 
Theorem 2. There exists C > such that H has no eigenvalues A, |A| > C. 
Proof. First notice that for every function / E C^(M) we have 

fiH)[d,,H]f{H) = ef\H) + f{H)d,Vf{H). (3.1) 

We will show the absence of embedded eigenvalues A > C > 0. The case A < —C can be treated 
by the same argument. Assume that there exists a sequence of eigenvalues A„ — > +oo, Xn+i > 
Xn + 1, Vn and let Hcpn = Xn^Pn, n €N with {ipi, ipj) = 5ij. Choose cut-off functions fn{t) € Ccr'(I^) 
so that fn{Xn) = 1, < fn{t) < 1 and /n(t) = for \t — A„| > 1/2. It is clear that fn{H)^n = 
and 

{ipn,fniH)[d,,H]UH)ipn) = 0, Vn G N. 
We wish to prove that for n large enough we have 

{iPnJn{H)d,Vfn{H)ipn)\ = | ((/.„, 5, V/„(/7)(^„) | < e/2 (3.2) 

which leads to a contradiction with (|3.ip since {(pn, fniH)(pn) = 1- Consider the operator 

fn{H) = -- [ dfn{z){z - H)-^L{dz), 

where fn{z) is an almost analytic continuation of /„ with supp fn{z) C Wn, Wn = {z £ C : 
l-z — A„| < 2/3} is a complex neighborhood of A„ and 

dfn{z) = 0{\lmzn 

uniformly with respect to n. Here L{dz) is the Lebesgue measure in C. We write 

{(pn,dxVfn{H)(fn) = -- [ dfn{z){ipn, {dxV){z - H)~'^ ipn)L{dz) 

71" Jw„n{\l-mz\<ri} 

-- f dfn{z)iipn,{dxV -Vo){z - Hr^ipn)L{dz) 

^ JWnn{\lmz\>ri} 
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-- / dfniz)i^n, Voiz - Hr^^n)L{dz) = + + Sn, 

^ JW„n{\Imz\>r,} 

where Vo{x,y) € C^(M^). We choose r/ > smah enough to arrange \Rn\ < e/6 for all ra G N. Next 
we fix < < 1 and we will estimate Qn and Sn- For the resolvent {z — L)^^ we will exploit the 
following 

Proposition 2. ([6 1) Let f, g be bounded functions with compact support in M^. Then for every 
compact /C C M \ {0} we have 

lim \\f{X + ij-L)-'g\\ = 

A— >±oo 

uniformly for 7 € /C. 

We choose Vq so that \\dxV — Vo\\ is sufficiently small in order to arrange \Qn\ < e/6, Vn G N. 
Now we pass to the estimation of Sn- We have 

Vo{z - H)-^ = Vo{z - + Vo{z - L)-\V - Vi){z - H)-^ + V^{z - ly^Viiz - H)-\ (3.3) 

We replace Vo{z — H)^^ in Sn by the right hand side ()3.3p choosing Vi G C^(R^). For the term 
involving {V — Vi) in (j3.3p we take Vi so that \\V — Vi\\ is small enough, to obtain a term bounded 
by e/18. Next we fix the potentials Vq, Vi with compact support. By Proposition 2 setting z = 
A + 17, T] < I7I < 1, we get 

\\dfn{z)Vo{\ + \l-L)-^Vi{H-z)-^\\<C2r^\mX + \l-L)-^Vi\\ < 

for Rez = A > Q^^. We choose n > uq = no(e,?7), so that Rez > C^^r] for z G Wn and n > uq- 
Thus we can estimate the term involving Vq{z — L)~^Vi in (j3.3p by e/18. It remains to deal with 
the term containing Vo{z — L)~^. Let ip{x,y) G Cq^(S?) be a cut-off function such that ip = 1 on 
the support of Vq- We write 

^pVoiz - L)-i = Voiz - L)-V - ^0(2 - L)-^[{D, - Byf + il:]{z - L)~^ 

= Vo{z - L)~'i; - Voiz - L)-'M{D. - Byf + D^i^jiz - Lr\ 
where is a cut-off function equal to 1 on the support of ip. For n large enough we will have 
Rez = A > C^ ,j for z G supp W„ and can treat Vo{z — L)~'^il} and Vo[z — L)~^ipi as above. On the 
other hand, 

[{D, - Byf + Dl^\ = -2id,^{D, - By) - 2idy^Dy - A,,j,V (3.4) 

and the operators 53:'i/'(-Dx — -By) (z — L)^^ and dy'ipDy{z — L)~^ are bounded by CTy^-*^ for |Imz| > rj. 
Indeed, we have 

(z-L) = (i-L)-i[/ + (i-z)(z-L)-i] 
and it suffices to show that dxtp{Dx — By){i — L)^^ and dyipDy^i — L)~^ are bounded. Next, (i — L)^^ 
is a pseudodiff'erential operator and the symbol of the pseudodifferential operator {D^ — By){\ — L)^^ 
becomes 

^ — By \Bri 
i — (^ — Byf — rf — ex (i — (^ — Byf — rf — exf 

From the well known results for the boundedness of pseudodifferential operators (see [1]) we 
deduce that (|3.4p is bounded by C|Im2;[^^. Consequently, applying Proposition 2 once more, we 
can arrange the norm of the operator 

Vo{z - L)-^M{D. - Byf + i,\{z - L)-' 
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to be sufficiently small for z G PF^, | Imz| > t] and n>n\> uq. Combining this with the previous 
estimates, we get l^^l < e/6, hence \Rn + Qn + Sn\ < e/2 for n large enough. This implies (13. 2p 
and the proof is complete. □ 

Corollary 1. Assume in addition to (1.1) that d^V G Co(M^) nL°°(M^). Then H has at most 
finite number of embedded eigenvalues in M. 

This result follows from Theorem 2 and Corollary 1 in [Ij which guarantees that H has at most 
finite number of embedded eigenvalues in every interval [a, b] C M. The conjecture is that H has no 
embedded eigenvalues on M. 

4. ASYMPTOTICS OF THE SPECTRAL SHIFT FUNCTION 

Our purpose in this section is to apply Theorem 1 and (2.4) to give a Weyl type asymptotics 
with optimal remainder estimates for the spectral shift function S,h{^) ■= H(h), HQ{h)) corre- 
sponding to the operators 

H{h) = {hD^ - y f + h^Dl + X, Hoik) = H{h) + V{x, y), h > 0. 

For simplicity of the exposition in this section we assume that B = e = 1. Let P2{x,y,C,,'ri) = 
(C ~ y)"^ + "rf + X + V{x, y). For the analysis of Ch(A) we need the following theorems. 

Theorem 3. Let G C^{R'^) and let f G C(f>(]0, +oo[; M). Then we have 



3=0 

with 



oo 

iT[ijf{H{h))\ ^^a,h^-\ h\0, (4.1) 



"° ^ (27r)2 J J ^(^'2/)/(^'2(a;,y,C,??))c^a;(i?/dC(ir/. (4.2) 

Theorem 4. Assume that ip G C^(M2). Let f G C^{[Eo,Ei[) and 6 G C^{] - K), = 1 

in a neighborhood of 0. Assume that if P2ix , y , rj) = t, t G [Eq,Ei], then dp2 ^ 0. Then there 
exists Cq > such that for all N,m gN there exists /iq > such that 

N-l 

tr (V'0\(r - H{h))f{H{h))) = (2^/i)-2 (/(r) ^ ^,{T)h^ + 0(/i^(r)-™)) , (4.3) 

j=0 

uniformly with respect to r G M and h g]0, /iq], where 



-(27ri) ^ j j^^^j{x,y){{T + i{)-p2{x,y,C,,r])) ^ - (t - iO - p2ix,y,C,v)) ^^dxdydCdrj. 

4(r) = (2^/i)-i / e'^''^e{t)dt. 



Here 



Proof of Theorem 3 and Theorem 4. Here and below ip ~< ip means that '^{x) = 1 on the support 
of ■i/'- Let G G C^(M^) with xp ^G. Introduce the operator 

H{h) = {hD., - G{x, y)yf + h^D^ + G(x, y)x + V{x, y), 

and set 

/ = tr 



i;{f{H{h))-f{H{h) 
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Let f{z) E Cq°(C) be an almost analytic continuation of / with dzf{z) = 0{\lviiz\°°) . From 
Helffer-Sjostrand formula it follows that 



1 



dj{z)ix 4{z - H{h))-^ - {z - H{h)r^] L{dz), 



where L{dz) denotes the Lebesgue measure on C. 

Let ^1 G C°°(M^) be a function with ijji = 1 near supp (1 — G) and ^/^i = near supp iIj, and 
let if) £ Cq°(M^) be equal to one near supp(VV'i) and ip = near supp ^. A simple calculus shows 
that H{h) - H{h) = ipiiHih) - H{h)) and Vi] = ^[H{h),ipi\H . Then 

^{{z - H{h))-^ -{z- H{h))-^) = ^{z - H{h))-'i;i{H{h) - H{h)){z - H{h))-^ (4.4) 

= ij{z - H{h))-^[H{h),iJi]{z - H{h)r\H{h) - H{K)){z - H{h)y\ 
Let xi,---,XN £ C^{M?;[0,1]) with ^ Xi ^ ••• -< Xn and Xii' = 0, i = 1,...,N. By using the 
equalities XiV'i = ••• = XNipi = ipi, Xk"^ = 0, Xk-i[Xk^ H{h)] = and the fact that 

[Xk, {z - H{h))-^] = {z- H{h))-\xk, H{h)]{z - H{h)r\ 

we get 

i,{z-H{h))-mH{h),i,^] 
= ^{z - H{h)y'[xi,H{h)]{z - H{h))-\..[xN,H{h)]{z - H{h))-^[H{h),iJi] =: LN{h). 
Here 



LN{h) = On{1) 



h 



N 



: H 



\Imz\^. 

where we equip H^iM."^) with the /i-dependent norm \\{hD)^u\\i2. Choose N > 2 and let s = —N. 
According to Theorem 9.4 of [1], we have 



-N/2 _ 



tr 



0{h- 



Then 



z - Vl]^||tr = LN{h) i^-h^A + l 



< c 



/i^A + 1 



-N/2 _ 



N/2 



<Ci 



-N/2 



(4.5) 



Im z 



N 



tr V I Imz|-^ 

Combining this with (4.4) and using the fact that 

\\{z - H{h))-\Hih) - H{h)){z - H{h))-^\\ = \\{z-H{h)r^ - {z-H{h))-^\\ = o(\lmz\-^y 
we obtain 



^l;(^(z-H{h)r'-{z-H{h))-^) 
Since dzf{z) = C'dlmzl'^), we have 



O 



tr 



h 



N-2 



Imz|^+i 



/ = 0(/i°°). 

Summing up, we have proved that 

tr Uf{H{h))) = tr Uf{H{h)) ) + 0(/i~). 



(4.6) 
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In the same way, we obtain 

tr (v0";,(t - H{h))f{H{h))) = tr (^'^^(r - H {h)) f {H {h))) + 0{h^). (4.7) 

The operator H{h) is elhptic semi-bounded /i-pseudodifferential operator, so Theorem 3 and 
Theorem 4 foUow from the /i-pseudodifferential calculus and the analysis of elliptic operators in 
Chapters 8, 9, 12 in [1] (see also |15]). The calculus of the leading terms is given by trivial modifi- 
cation of the argument of Section 7 in |2] and we omit the details. □ 

Remark 2. Notice that dp2 on p2 = t is equivalent to 

V^^,y{x + V{x,y)) ^0, on {(x,y); x + V{x,y) = T}. (4.8) 

Now we will apply Theorem 3 and Theorem 4 to obtain a Weyl-type asymptotics for ■^/i(A) 
when /i \ 0. 

Theorem 5. Assume that V E Co°(M^) and suppose that l\4-^ holds for r = Ai,A2. Then there 
exists ho > such that for h g]0, Hq] we have 

a(A2) - a(Ai) = (27r/i)-2(co(A2) - co(Ai)) + Oih'^), (4.9) 

where 

co(A) = -7r / d,Vix,y)i\-x-Vix,y))+dxdy. (4.10) 

Proof. Choose a large constant M such that 

M> \\d^V\\oo + l. 

Let £ C^(R2; [0, 1]) with d^V ^ip"^. According to ([231), by using the cyclicity of the trace, we 
get 

i^'hJ) = tr {f{H{h)) - f{Ho{h)) = -tr{^{d^V)f{H{h))) 
= tr((M - d^Vf'^il:f{H{h)^{M - d^Vf'^) - Mtr[^f{H{h))iP^ 

Since 

/ ^ tr((M - d,,V)'/^i;fiH{h)iP{M - d,,V)'/^) 

and 

f ^MtI(^Pf{H{h))^p'^ 

are positive functions for / > 0, we deduce that the functions A — t- ■^i(A), i = 1,2 are monotonic. 

Consequently, we may apply Tauberian arguments for the analysis of the asymptotics of ^j(A), i = 
1, 2. We treat below ^2(A). Let (p G C^(M), (p >0, and suppose that ()4.8I) holds for all r G supp (p. 
Consider the function 

J —oo 

Applying (4.3) with = 1 and m = 2, we obtain 

i-(4*F^)(A) = I ^\(A-^)e^(/.)(^(/i)d^ = (2^/i)-2(^99(^)^o(A) + o(^)). (4.11) 
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We integrate from — oo to A and we get 

(T e^ix' - f^)dX')e2if^Mf^)dfi (4.12) 



1 



(2^/l)2 



Mtp-^ix, y)(f{p2)dxdydridC + 0{h) ] . 

In the following we choose 6 G C^(M) with Oh > 0. Let /i^h(O) = ^ fj^e{u)du > 2Ci > 0. 
Therefore, it follows that there exist C2 > such that 

1*1 < 7^ ^ Mh{t) > Ci. 

Combining this with the fact that 6^ > 0, and using (^21 /) ^ for / > 0, we obtain 



Ci I C2if^)'fiif^)dfJ- < h OhiX- l^)S,'2{p)^{p)d^i 

J{\x^^,\<^} J{|A-^|<^} 

<hf OhiX - f,)^'2if,Mf,)df, = h^{K * F^)iX) = Oih-'), (4.13) 
uniformly with respect to A G M. On the other hand, a simple calculus shows that 



A- 



OniX' - ^^)dX' = / ' e^{t)dt = ly^^^[{fi) + o({—^)-°°). (4.14) 

-J J— 00 \ ll / 

Indeed, for fi < X and all E N we have 

— h f 1 

ei{t)dt-i = - j^_^t^eiit)jj:dt 



and 



h 

A similar argument works for fj. > X. From ^ we have for k > 2 the estimate 

[ {^y'^2if^Ml^)dfi= [ {^)-\'^i^^)^i^^)d^, (4.15) 

CO \ I { f + 1 ) ^ 

sE(i+(i)r"i^:^^«*<^"''' 

m=-oo " •^■^'^V^ m=-oo ^ ^ ' I I-" 

where in the last inequality at the right hand side we used the fact that Q holds uniformly with 
respect to A € M and we can estimate the integrals involving ^2(/^)¥'(/^) by 0{h~^) uniformly with 
respect to m. 

Inserting the right hand side of (j4.14p in the left hand side of (j4.12p and using (j4.15p . we get 
F^(A) = {2TTh)-^( [ [ Mil:^{x,y)^{p2)dxdydr]dC + 0{h) 

Jp2<\ 
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We apply the same argument for and introduce the function 



Replacing the function ip by (M — dxVy^'^ip, we get 

G^{X) = ( [ ^ ^^(M - da:V)i;^{x, yMp2)dxdydvdC + 0{h)) . 



Since Cft = ~ ^2, the above results yield 

/■A 

M^(A) 



I ehif^)ipif,)dfi = {j -d.Vix, yMp2)dxdydr]dC + . (4.16) 



Now, we are ready to prove Theorem 5. Assume that Ai < A2, and let e > be small enough. 
Let ipi,ip2,(p3 G C^GAi - e, A2 + e[) with ipi + + ^ps = I on [Ai, A2], supp ipi c]Ai - e, Ai + e[, 
supp ip2 C]A2 — e, A2 + e[ and supp 993 C]Ai, A2[. We choose e small enough so that ()4.8p holds for 
ah r g]Ai - e, Ai + e[ U ]A2 - e, A2 + e[. We write 

a(A2) - a(Ai) = f^\ipi + ^2 + ^sXm'hWdX 

= M^,{\2) + M^,{\2) - M^,(Ai) - A'V(Ai) - iiid^V^^iH)), 

where for the function ip^ we have exploited (j2.4p . Next for the term involving (/^s we apply Theorem 
3 and obtain 

ii{dxV^3{H)) = — i-^ / / d^V^MdxdydCdr, + 0{h-^). 



{2TThy J J 

For M<^j(Aj) and M^^{Xi), i = 1,2, we exploit the above argument and we deduce the asymptotics 
taking into account ()4.16p . Summing the terms involving tpj, j = 1, 2, 3, we conclude that 

a(A2) - a(Ai) = {2TTh)-^d{X2, Ai) + 0{h-^). 
For the leading term we have 



d{X2,Xi)= / -d:rV{x,y)((pi{p2) + (P2{P2) + V3{P2))dxdydCdr] 

J JXl<p2<X2 ^ ' 

= -/ / dxV{x,y)dxdydCdr] + / d,j,V{x,y)dxdydC,dr]. 
J Jm<X9. J Jv7.<Xi 



Finally, notice that 



= -TT dxV{x,y){X- x -V{x,y))+dxdy 
and the proof of Theorem 5 is complete. □ 
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Remark 3. If 1 is large enough (resp. A ^ —1) then on supp (dxV), we have 
(X- X -V)+ = X- X -V, (resp. (A - x - F)+ = 0). 

Consequently, 

co(A) = — vr / V{x,y)dxdy, for A ^ 1, 

and 

co(A) = 0, for A < -1. 

/n particular, if we normalize S,hiX) by liuix^-oo S,hW = 0, we get 

Ch{X) = {27Th)-\o{X) + 0{h~'). 

Remark 4. The results of this section can be generalized for potentials V{x, y) for which there 
exists (5i € M such that supp V C {(x,y) € R2 : x > 5i} by using the techniques in [2j. For 
simplicity we treated the case of V & Cq^(M?) to avoid the complications caused by the calculus of 
pseudodifferential operators. 
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